It is well known that normal bases are useful for implementations of finite fields in various applications including coding theory, cryptography, signal processing, and so on. In particular, optimal normal bases are desirable. When no optimal normal basis exists, it is useful to have normal bases with low complexity. In this paper, we study the type k ( 1) Gaussian normal basis N of the finite field extension F q n /F q , which is a classical normal basis with low complexity. By studying the multiplication table of N, we obtain the dual basis of N and the trace basis of N via arbitrary medium subfields F q m /F q with m|n and 1 m n. And then we determine all self-dual Gaussian normal bases. As an application, we obtain the precise multiplication table and the complexity of the type 2 Gaussian normal basis and then determine all optimal type 2 Gaussian normal bases.
The complexity of N is defined to be the number of non-zero elements t i, j and is generally denoted as C N . Mullin [13] proved that C N 2n − 1. A normal basis N is called an optimal normal basis when C N = 2n − 1 [1, 13] .
In our following discussions, we suppose
• n = mt, 1 t m, and q is a prime power of the prime p;
• α ∈ F q n , α is a normal basis generator element of F q n over F q , and N denotes the normal basis generated by α;
• β = Tr In 1988-1989, Mullin et al. [13] obtained the construction theorems for both type I and type II optimal normal bases.
The construction theorem for a type I optimal normal basis. Suppose that n + 1 is a prime and q is a primitive element in Z n+1 , where q is a prime or a prime power. Then the n nonunit (n + 1)th roots of unity are linearly independent and they form an optimal normal basis N of F q n over F q . And N = {α where α is a primitive (n + 1)th root of unity.
The construction theorem for a type II optimal normal basis. Let 2n + 1 be a prime, and assume that either (a) 2 is a primitive element in Z 2n+1 , or (b) 2n + 1 ≡ 3 (mod 4) , and 2 generates the quadratic residues in Z 2n+1 .
Then α = γ + γ −1 generates an optimal normal basis N of F 2 n over F 2 , where γ is a primitive (2n + 1)th root of unity. And N = {α, α 2 , . . . , α
a type II optimal normal basis of F 2 n over F 2 .
In 1992, Gao et al. [5] proved that every optimal normal basis is equivalent to one of the two types of optimal normal bases. Wassermann [15] extended the optimal normal basis to the general type k ( 1) Gaussian normal basis in 1991.
The construction theorem for a type k Gaussian normal basis. Let q be a power of the prime p, k and n be positive integers such that kn + 1 is a prime and (nk + 1, p) = 1. Assume that γ ∈ F q kn is a primitive (kn + 1)th root of unity and s is the order of q (mod nk + 1). If (nk/s, n) = 1, then for any primitive kth root ι ∈ Z nk+1 of unity,
generates a normal basis N of F q n over F q , with the complexity
And N is called a type k Gaussian normal basis of F q n over F q . From the above constructions it is easy to see that a type k Gaussian normal basis N of F q n over F q is the type I optimal normal basis when k = 1 and type II optimal normal basis when q = k = 2.
By the definition of the trace map of α ∈ F q n over F q , we immediately have Tr F q n /F q (α) = −1. 
For two bases
Remark. It's well known that for a basis M 1 of F q n /F q , the dual basis M 2 is unique and also a normal basis when M 1 is a normal basis.
There are several classes of bases in extension fields such as polynomial basis, normal basis and self-dual normal basis [11] . A polynomial basis may be efficient, but it is not necessarily efficient for multiplication. A normal basis is efficient for a Frobenius mapping. The well-known type k ( 1)
Gauss period normal basis [4] is a special class of normal bases. A self-dual normal basis is efficient for not only a Frobenius mapping but also trace calculations.
On the other hand, it is well known that normal bases are widely used in applications of finite fields in areas such as coding theory, cryptography, signal processing, and so on (see [12] for instance). In particular, optimal normal bases are desirable. However, for many finite fields, there exist no optimal normal bases. For these finite fields, it is desirable to have normal bases of low complexity.
In 2005-2006, Liao and Sun [8, 9] gave an efficient algorithm for multiplication tables of type I and II optimal normal bases and determined all self-dual optimal normal bases. [9, Theorem 2] .) Let N be an optimal normal basis of F q n over F q . Then N is self-dual if and only if N is a type I optimal normal basis with n = q = 2 or N is a type II optimal normal basis.
Proposition 1. (See
In 2007, Wan and Zhou [14] proved that the complexity of the dual basis of a type I optimal normal basis of F q n over F q is either 3n − 3 or 3n − 2 according as q is even or odd, respectively.
In 2008, Christopoulou et al. [2] studied the dual bases and the upper bound of the complexity of the trace normal bases of type I and type II optimal normal bases.
Proposition 2. (See [2, Theorem 2 and Corollary 1]
.) Suppose q = 2, N is the type I optimal normal basis generated by α and n = mt, 1 t m.
Proposition 3. (See [2, Theorem 1 and Theorem 4].) Suppose q is a power of some odd prime and N is the
type I optimal normal basis generated by α and n = mt, 1 t m.
and the dual basis of B is generated by
, and its complexity is at most n + 2m − 2.
In 2000, Gao et al. [6] gave a formula for the dual basis of a Gauss period of any type. In 2009, Liao and Feng [7] determined explicitly the complexity of Gaussian normal bases and their dual bases in several cases. Recently, Christopoulou et al. [3] 
is the type k Gaussian normal basis of F q n over F q , where γ ∈ F q kn is a primitive (kn + 1)th root of unity.
And for any i = 1, 2, . . . ,n − 1,
And
In the present paper, we continue to study the type k ( 1) Gaussian normal basis N of the finite field extension F q n /F q . By a more simpler proof we obtain the dual basis and its trace basis of N for arbitrary medium subfields F q m /F q with m|n and 1 m n, which is the generalization for the dual basis of a Gauss period of any type in [6] . As an application, we obtain the precise multiplication table and the complexity of the type 2 Gaussian normal basis and all optimal type 2 Gaussian normal bases. As corollaries, we obtain Propositions 1-3. More precisely, we prove the following main results.
Theorem 1. Suppose that N is a self-dual normal basis generated by α. Then B is also a self-dual normal basis.
Theorem 2. Suppose that N is the type k Gaussian normal basis generated by α and 1 k n. Then 
, otherwise 
By taking k = 1 or k = 2 in Theorem 2 we have (2) Suppose that N is the type II optimal normal basis generated by α. Then N is self-dual.
Theorem 3. Suppose that N is the type 2 Gaussian normal basis and n = mt, 1 t m.
(
0, otherwise and for any i = 1, . . . ,n − 2,
0, otherwise and for any
And so
• N is an optimal normal basis if and only if q ≡ 0 (mod 2) or q = n = 3 and N is a type I optimal normal basis of F 3 3 /F 3 .
• N is a self-dual normal basis if and only if q ≡ 0 (mod 2).

Proofs of the main results
Proof of Theorem 1. Since N is a self-dual normal basis and β = Tr . Therefore
And so 
And for any j = 1, . . . ,n − 1,
and δ generates a normal basis of F q n /F q . Thus we have
Hence by the definition of the dual basis, δ =
generates the dual basis of N.
(2) Otherwise, similarly by Proposition 5 we have
and for any j = 0, . . . ,n − 1,
generates the dual basis of N. 2) . In this case we have
This completes the proof of Theorem 2. 2
Proof of Corollary 1. From the construction theorem of a type k Gaussian normal basis we know that B is a type kt Gaussian normal basis of the finite field F q m over F q . Hence, by the definition of the self-dual basis and Theorem 1, we know that B is self-dual if and only if
(ii) For the case k + 1 ≡ t ≡ 0 (mod 2). We know that mt = n ≡ 0 (mod 2) since kn + 1 is an odd prime. Hence
Hence Proof of Theorem 3. Set δ = δ 0 = α = α 0 , and for any i = 0, . . . ,n − 1,
Since γ is a primitive (2n + 1)th root of unity, we know that
and for any i = 1, . . . ,n − 2,
Since T = (t i, j ) is the multiplication table of the normal basis N, from 
Note that 1 = q 0 ≡ ±(s(0) + 1) (mod 2n + 1), thus s(0) = 0, s(n − 1) = 0 for n − 1 1. From N is the type 2 Gaussian normal basis we know that the order of q (mod 2n + 1) equals 2n or n. Hence 
And for any i = 1, . . . ,n − 2, (1) and (2) we know that
Hence by the definition of the optimal normal basis, we have N is an optimal normal basis ⇐⇒ C N = 2n − 1 ⇐⇒ q ≡ 0 (mod 2) or q ≡ 1 (mod 2) and 3n − 2 = 2n − 1 ⇐⇒ q ≡ 0 (mod 2) or q ≡ 1 (mod 2) and n = 3 Note that N is a type 2 Gaussian normal basis, and so the order of q (mod 2n + 1 = 7) equals to 3 or 6. Thus N is a type I optimal normal basis. Hence q is a primitive root modulo n + 1 = 4, which means that q = 3. And so N is optimal ⇐⇒ q ≡ 0 (mod 2) or q = n = 3 and so N is a type I optimal normal basis • f F 3 3 /F 3 Furthermore from k = 2 and (i) of Theorem 2 we have N is a self-dual normal basis ⇐⇒ p = 2 ⇐⇒ q ≡ 0 (mod 2) This completes the proof of Theorem 3. 2
